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Abstract
The cross section for electron-induced proton knockout reactions with polarized beam and
target is computed in a DWIA model. The analysis is focused on the electron helicity-dependent
(HD) piece of the cross section. For the case of in-plane emission a new symmetry is found in the
HD cross section, which takes opposite values for specific opposing pairs of nuclear orientations,
explaining why the fifth response (involving polarized electrons, but unpolarized nuclei) is zero
for this choice of kinematics. Even when this symmetry breaks down in the case of nucleon
emission out of the scattering plane, it is shown that it is still present in the separate response
functions. A physical explanation of these results is presented using a semi-classical model of the
reaction based on the PWIA and on the concept of a nucleon orbit with its implied expectation
values of position and spin.
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1 Introduction
In this work we continue our systematic investigation of spin observables in ~A(~e, e′p)B
reactions initiated in [1, 2]. Relying on the general formalism for exclusive reactions [3] we
particularized in [1] to nucleon knock-out, performed an explicit multipole expansion of
the response functions involved and developed a DWIA model of the reaction, including
relativistic corrections [4]. This was applied in an analysis of the full set of multipoles
or reduced response functions (defined to be independent of the polarization angles) that
can be extracted in studies of such reactions. The emphasis there was placed on stud-
ies of the sensitivity of the predictions to variations in the final-state interactions (FSI)
and to inclusion of relativistic contributions to the electromagnetic current. The results
found showed that these have very different impacts on the various response functions,
which implies in the end that the importance of the specifics of the reaction mechanisms
underlying the cross section strongly depends on the choice of polarization angles. The
possibilities opened by this sensitivity to interesting physical effects underscores the rel-
evance of future research in intermediate-energy electro-nuclear physics with polarized
targets.
Specifically, in [2] we computed the quasi-free (e, e′p) cross section for unpolarized
electrons and proton knock-out from the 1d3/2 shell of polarized
39K leaving the residual
38Ar in its ground state. The analysis of the results found there as functions of the nuclear
polarization angles revealed that the nuclear transparency indeed depends strongly on the
polarization direction, and that the FSI effects can be maximized or minimized by just
flipping the nuclear orientation. Some particular polarization directions were found for
which the FSI are practically negligible (and thus a PWIA treatment is adequate in these
cases) and others for which the FSI even produce an enhancement of the cross section.
In conventional (e, e′p) studies with unpolarized nuclei an average over all directions is
involved, this behavior is lost and the usual reduction from the PWIA predictions, due
mainly to the imaginary part of the optical potential, is recovered.
A physical explanation of the results found in [2] was also provided, based on the PWIA
and on the semi-classical concept of a nucleon orbit. When the nucleus is polarized,
the proton orbit is oriented in a well-defined direction, and for a given value of the
missing momentum p, the proton can be localized within its orbit (characterized by
the expectation value of its position in the semi-classical model). In this picture of the
reaction, the electron interacts with the proton, transferring four-momentum Qµ = (ω,q)
and the proton leaves the nucleus after crossing a certain amount of nuclear matter with
some impact parameter. The strength of the FSI along the nucleon’s path before it leaves
the nucleus enters in such a way that in cases where the proton is localized near the
nuclear surface and “evaporates”, immediately leaving the nucleus, the FSI are found to
be small, while in cases where it crosses the entire nucleus leaving it by the opposite side
the FSI effects are large. One can also find cases where some components of the FSI are
emphasized, for instance when the nucleon leaves the nucleus in a direction tangent to
the surface, where it is found that the real and spin-orbit parts of the optical potential
are the most important.
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In the case of a purely absorptive optical potential, it was possible to fit the damping
of the PWIA cross section (i.e., explain the nuclear transparency) by a simple exponential
factor e−ρ/λ, where ρ is the computed length of the nucleon’s trajectory within the nucleus
and the free parameter λ is the nucleon mean free path. In the case of unpolarized nuclei
other studies [5] have treated the damping of the (e, e′p) cross section in the lowest-order
eikonal approximation or Glauber model for high proton energies. However, since an
average over angular orientations is implied in this case, the position of the proton cannot
be fixed.
The studies performed in [2] revealed the fine control over the FSI that can be attained
by varying the nuclear polarization. Having at hand a very intuitive physical picture of
the reaction where the reaction mechanism is expressed in geometrical terms is clearly
expected to be very helpful as guidance in undertaking future experiments with polarized
nuclei. We wish to emphasize the importance of performing this kind of theoretical
analysis where the behavior of the observables is explored over the full range of polarization
angles.
Very few studies exist in the literature involving exclusive reactions with polarized
medium-weight nuclei; and most of these were made only in PWIA, as they were motivated
by studies of selected aspects of the problem, specifically, of relativistic off-shell effects in
the current [6] and of nuclear deformation effects in the context of the Nilsson model [7, 8].
The two previous analyses of the reaction that did include FSI in studies of polarization
observables with medium-weight nuclei [9, 10] presented exploratory calculations of the
cross section and/or response functions only for a few nuclear orientations (the three usual
ones referred to the reaction plane: longitudinal, sideways and normal). In the case of
electro-nuclear reactions with light polarized targets, the situation is different and very
elaborated models already exist, such as that of [11] involving polarized deuterium.
In the work undertaken in [2] only the simplest case of unpolarized electrons scattered
by polarized targets was considered. In the present study we consider the more complex
situation in which the electron beam is also polarized and where a new observable, the
electron helicity-dependent (HD) cross section, comes into play. Guided by our previous
studies here we analyze the behavior of this observable for the full range of nuclear po-
larization angles and the impact of FSI within the DWIA model for the reaction. The
results are interpreted in terms of the above-mentioned semi-classical model, which we
shall see is still valid for this observable. However, new physical aspects of the reaction
appear in this case: indeed not only is the expected position of the proton within the
orbit relevant, but also its spin direction comes into play. In fact, it is well-known [4, 6, 7]
that, while in PWIA the cross section for unpolarized electrons is proportional to the
spin-scalar momentum distribution of the nuclear overlap function, the HD cross section
is proportional to the spin-vector momentum distribution. As we shall see, this can be
interpreted as the nucleon spin distribution in the orbit.
One of the goals of this paper is to provide an understanding of new symmetry prop-
erties of the spin observables with respect to certain class of rotations of the polarization
vector that are seen in our results. The obvious symmetry of the observables under inver-
sion of the polarization vector that appears in PWIA is broken when FSI are included.
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In contrast, the symmetry that we shall put in evidence is valid even in the presence of
FSI, making it a more fundamental property of spin observables. This symmetry occurs
between nuclear orientations that are located symmetrically with respect to the reaction
plane. In the case of the HD cross section, it appears only for in-plane emission and
produces a change of sign, hence averaging to zero in the case of unpolarized nuclei. For
out-of-plane emission we shall show that the symmetry of the HD cross section breaks
down, on the average yielding a non-null result for the fifth response function for unpolar-
ized nuclei. The origin of this symmetry can be explained using the semi-classical model
by exploring the symmetries of nucleon position and spin projections for different nuclear
polarizations. In particular, we shall show that the symmetry is still present in the sep-
arate response functions even for out-of-plane emission. The reason why it is broken in
this case for the HD cross section lies in the different behaviors found for the T ′ and TL′
responses: while the T ′ changes sign, the TL′ does not for out-of-plane emission. Since
the HD cross section is a linear combinations of these two responses, the symmetry is not
preserved in this observable.
Understanding the HD cross section has implications for the fifth response function.
In [12] this observable was analyzed for proton knock-out from a s1/2 shell assuming for
the scattering state a plane wave with complex momentum. The results were interpreted
in terms of the asymmetry between protons emitted above and below the scattering plane
and the different paths followed by the nucleon on its way out of the nucleus. In this
simple case no spin-orbit FSI effects were included; these were discussed in [13]. In the
present work we consider proton knock-out from the d3/2 shell of
39K, which more typical,
and the spin-orbit interaction is included in the FSI. Since in our model the spin direction
of the proton is known as well as its orbital angular momentum, we are able to show
geometrically how the symmetry of the HD cross section is preserved in the presence of a
spin-orbit interaction.
After a short review of the DWIA model, in sect. 2 we show results for the HD
cross section over the full range of polarization directions and for in-plane and out-of-
plane proton emission, as well as for the HD response functions, to reveal the symmetry
properties of these observables. In sect. 3 we focus on the semi-classical model description
of the reaction and compute the expected values of position and spin of the initial proton
at a fixed value of missing momentum for a full range of the polarization angles in order
to explain the DWIA results in a geometrical picture, giving an analytical proof of the
symmetry properties in the Appendix. In sect. 4 we summarize our conclusions.
2 The DWIAmodel and results for the helicity-dependent
cross section
The general formalism for exclusive electron scattering with polarized beam and target
can be found in [3]. In this section we summarize some of the results that are essential
for our present discussions. See [1, 2] for further details of our model.
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We consider an electron with four-momentum Kµ = (ǫe,ke) and helicity h which is
scattered through an angle θe by a nucleus, transferring four-momentum Q
µ = (ω,q). We
assume the extreme relativistic limit for the electron ǫe ≫ me and the plane-wave Born
approximation for the electron scattering amplitude. We work in a coordinate system
where the x-z plane is the scattering plane, with the z-axis in the direction q and the x
axis defined by the transverse component of the electron momentum ke.
After the scattering, a proton with energy E ′ is detected in the direction pˆ′ = (θ′, φ′)
in coincidence with the electron. In this work the momentum of the ejectile is determined
assuming relativistic kinematics E ′2−p′2 = M2, where M is the nucleon mass. We work
in the lab. frame where the target nucleus is at rest in its ground state. We assume that
it has total spin Ji and is 100% polarized in the direction Ω
∗ defined by the polar and
azimuthal angles Ω∗ = (θ∗, φ∗), measured in the above coordinate system:
|A(Ω∗)〉 = |JiJi(Ω∗)〉. (1)
The unobserved residual nucleus is assumed to be left in a discrete state |B〉 and we
neglect its recoil. The corresponding coincidence cross section can be written as
dσ
dǫ′edΩ
′
edpˆ
′
= Σ+ h∆, (2)
where Σ is the cross section for unpolarized electrons
Σ = σMott(vLRL + vTRT + vTLRTL + vTTRTT ) (3)
and ∆, the observable we are interested in here, is the helicity-dependent cross section,
given by
∆ = σMott(vT ′RT ′ + vTL′RTL′). (4)
The quantities vK and vK ′ are electron kinematical factors coming from the leptonic tensor
[3]. The exclusive response functions RK , RK ′ are specific components of the hadronic
tensor
W µν =
∑
ms,MB
〈p′ms, B|Jµ(q, ω)|A〉∗〈p′ms, B|Jν(q, ω)|A〉 (5)
containing the transition matrix elements of the nuclear electromagnetic current operator
Jµ(q, ω). The final (unpolarized) state is defined by the asymptotic boundary condition
of a nucleon with momentum p′ and spin projection ms, together with a daughter nucleus
|B〉 = |JBMB〉. We sum over final, undetected magnetic quantum numbers.
The relevant response functions in this work are the helicity-dependent ones, defined
by
RT ′ = i(W xy −W yx) ≡W T ′ (6)
RTL′ = i
√
2(W 0y −W y0) ≡W TL′ sin φ′ + W˜ TL′ cosφ′, (7)
where we have extracted the explicit dependence on the azimuthal emission angle φ′.
The response functions W T
′
, W TL
′
and W˜ TL
′
depend on q, ω, θ′, θ∗ and ∆φ ≡ φ′ − φ∗.
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In this work we fix the values of the energy-momentum transfer around the quasielastic
peak, p′ ∼ q, where the impulse approximation used here is expected to to work well.
We present results for the HD cross section ∆ as a function of the missing momentum p,
defined as p = p′ − q, for a range of values of the angles φ, θ∗ and ∆φ.
For the electromagnetic operators we consider a new expansion of the relativistic on-
shell current in powers of p/M , with p the initial nucleon momentum, eliminating the
final momentum p′ using momentum conservation [14, 15]. This is a very convenient
expansion for intermediate-to-high energy quasi-free processes where the initial nucleon
is in a bound state (and therefore its momentum is small enough so that a first-order
expansion works well), but the final momentum is large (comparable with q) and hence
the traditional expansions in p′/M are bound to fail. Under this expansion, the charge
and transverse current operators in momentum space are given by
ρ(p′,p) = ρc + iρso(cosφσy − sinφσx)δ (8)
Jx(p′,p) = iJmσy + Jcδ cosφ (9)
Jy(p′,p) = −iJmσx + Jcδ sinφ, (10)
where δ ≡ η sin θ, η = p/M , and the angles (θ, φ) define the direction of the initial
momentum p. Note the spin-dependence explicit in the Pauli matrices. Finally, using
our previous work the coefficients ρc (charge), ρso (spin-orbit), Jm (magnetization), and
Jc (convection) are given by
ρc =
κ√
τ
GE, ρso =
2GM −GE√
1 + τ
κ
2
, (11)
Jm =
√
τGM , Jc =
√
τ
κ
GE. (12)
Here, as in past work, we use the dimensionless variables κ = q/2M and τ = (q2 −
ω2)/4M2, and GE and GM are the electric and magnetic form factors of the nucleon,
respectively, for which we use the Galster parameterization [16].
The inclusive electromagnetic responses obtained in the present model for the current
were tested against the relativistic Fermi gas model in [14], while in [17] our present
DWIA model of unpolarized (e, e′p) reaction was compared with a fully-relativistic model
for |Q2| = 0.8 (GeV/c)2. In both cases for quasi-free kinematics the expansion procedure
was shown to be robust.
In Figs. 1–4 we present results for the polarized HD cross section ∆ for the reaction
39K(e, e′p) 38Arg.s. using a range of values of the angles φ, θ
∗ and ∆φ. The reason for
choosing the 39K nucleus as target is twofold: first, being the nucleus of an alkali atom
potassium is a good candidate to be polarized in experimental studies. Second, it is a
medium-weight, closed-shell-minus-one nucleus and therefore the shell model is expected
to be adequate for describing its nuclear structure in such a first exploratory study. Hence
in our calculation the 39K target is described as a proton hole in the 1d3/2 shell of the
40Ca
core, while the residual 38Ar nucleus is described as two holes in the 1d3/2 shell, coupled
to zero total angular momentum. Single-particle wave functions in a Woods-Saxon mean
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Figure 1: Helicity-dependent cross section for in-plane emission, as a function of the
missing momentum. The various panels correspond to different pairs of polarization angles
(θ∗,∆φ). From up to down θ∗ = 0, 45, 90, 135 and 180o; from left to right ∆φ = 0, 45, 90
and 135o. The meaning of the curves is the following: solid: DWIA; long-dashed: PWIA;
dotted: DWIA but with just the imaginary part of the central optical potential; short-
dashed: DWIA without spin-orbit contributions
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Figure 2: Helicity-dependent cross section for in-plane emission, as a function of the
missing momentum. The various panels correspond to different pairs of polarization angles
(θ∗,∆φ). From up to down θ∗ = 45, 90 and 135o; from left to right ∆φ = 180, 225, 270
and 315o. The meaning of the curves is the same as in Fig. 1.
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potential are used for the hole states, with parameters taken from [18]. The ejected proton
wave function is obtained by solving the Schro¨dinger equation in an optical potential for
which we employ the Schwandt parameterization [19]. More details on these aspects of
our model are given in [1, 4].
In our calculations we have fixed the momentum transfer to q = 500 MeV/c and
the energy transfer to ω = 133.5 MeV, corresponding to the quasielastic peak, and the
electron scattering angle to θe = 30
o. For this choice of kinematics, the relevant leptonic
factors take on the values vT ′ = 0.268 and vTL′ = −0.176. The kinetic energy of the
ejected proton is 124.8 MeV, while its momentum is p′ = 499.7 MeV/c.
In Fig. 1 the HD cross section ∆ is shown for in-plane emission, φ = 0o as a function
of the missing momentum. The various panels correspond to different values of the po-
larization angles in multiples of 45o; from up to down θ∗ = 0, 45, 90, 135 and 180o; from
left to right ∆φ = 0, 45, 90 and 135o. Note that in this case ∆φ = −φ∗. Hence the
polarization vectors in the 14 panels of Fig. 1 span a hemisphere. The other half of the
sphere is presented in Fig. 2, where now θ∗ = 45, 90, 135o and ∆φ = 180, 225, 270, 315o.
In each panel of Figs. 1–2 we show four curves corresponding to different treatments of
the FSI. Solid lines correspond to the full optical potential, while long-dashed lines have
been obtained without FSI, i.e., setting the optical potential equal to zero, and thus they
coincide with the factorized PWIA. The dotted lines include only the imaginary part of
the central optical potential and correspond to a purely absorptive model of the interac-
tion. Finally, the short-dashed lines include as well the real part of the central optical
potential. Neither the dotted nor the short-dashed lines include the spin-orbit part of the
potential, which is only considered in the case of the solid lines. Looking at the various
curves in the figures we get a feeling for the effects of the separate ingredients in the FSI
for the full range of values of the polarization angles and find a wide variety of situations,
going from large FSI, for instance for θ∗ = 45o and ∆φ = 0o (Fig. 1), to small FSI for
θ∗ = 45o and ∆φ = 180o (Fig. 2). Such observations were explained in [2] for the case
of the helicity-independent cross section Σ. They arise from the fact that the length of
the nucleon’s path inside the nucleus is larger in the former case than in the latter. In
the next section we will come back to the generalization to HD observables and again see
how the semi-classical model may be used to shed light on the results.
Another point to emphasize here is the utility of having a plot of ∆ for the full range of
polarization angles as in Figs. 1–2 where we can study the symmetries of this observable
by direct inspection. First we note that in going from one polarization to the opposite,
the PWIA HD cross section changes its sign (long-dashed lines), but that this is not in
general the case when the FSI are turned on. Compare, for instance the polarization
θ∗ = 135o, ∆φ = 45o (Fig. 1), with the opposite θ∗ = 45o, ∆φ = 225o (Fig. 2). In the first
case the FSI produce a 30% decrease of the strength (solid lines), while in the second the
total FSI effects are negligible. We also note from Figs. 1–2 that only for opposing pairs
having ∆φ = 0o or 180o does the HD cross section cancellation occur. Therefore the fact
that the HD cross section for unpolarized nuclei is zero for φ = 0o even in presence of FSI
is not due to cancellations between opposite polarizations when taking the average over
all angles.
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Figure 3: The same as Fig. 1, but now for φ = 90o.
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Figure 4: The same as Fig. 2, but now for φ = 90o.
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Thus the following question arises: how do the cancellations occur in this observable
if not for the behavior for opposite polarizations? The answer is again contained in the
results of Figs. 1–2. Upon closer examination a new symmetry in the HD cross section
becomes apparent. But this time it is exact even in presence of the FSI. In fact, if we take
the origin of coordinates in the (θ,∆φ) plane as the point (90o, 90o), represented in Fig. 1
as the panel in the third column and third row, then we see that ∆ takes opposite values
for polarization angles that are opposite with respect to this central point. Compare for
instance the pairs of polarizations (45o, 45o) and (135o, 135o) or (45o, 90o) and (135o, 90o).
The same kind of “nodal” symmetry is observed in Fig. 2 when we take as central point
(or node) the panel (θ,∆φ) = (90o, 270o). In this way it appears that, when averaging
over polarization angles, there will be cancellations between pairs of polarizations located
symmetrically with respect to any of the two nodal panels and a zero value of ∆ for
unpolarized nuclei is expected. Note that the two nodal points correspond to polarization
vectors that lie perpendicular to the reaction plane (or to the scattering plane in this
case). Were the model calculations to be exact, we would expect to find that the HD
cross section corresponding to the two nodes is exactly zero, as would be implied by the
nodal symmetry. In fact, we see that it is very small in the two cases (of the order of
10−7–10−6 in the units of the figures) — these values are within the numerical error of
the multipole expansion in our calculation and hence they are compatible with zero. We
have checked that the cited symmetry between various pairs of polarizations is always
satisfied within this uncertainty and hence we conjecture that this nodal symmetry is an
exact one. The same symmetry is also present in the helicity-independent cross section
studied in [2], although this fact was not mentioned in that reference. The goal of the
next section will be to explain its origin within the semi-classical model for the nucleon
orbit using geometrical arguments.
Up to this point we have discussed only results for in-plane emission kinematics
(φ = 0o). Now in Figs. 3–4 we show results for φ = 90o, where the reaction plane is
perpendicular to the scattering one. The meaning of lines and of the various panels is
the same as in Figs. 1–2, corresponding to angles θ∗ and ∆φ spanning all directions, but
note that ∆φ = 90o − φ∗ is now minus the azimuthal polarization angle measured with
respect to the reaction plane. Looking at the figures we note again that the PWIA results
(long-dashed lines) are opposite for opposite polarizations and hence a result of zero for
this observable is obtained, corresponding to the expected result for unpolarized nuclei
when there are no FSI. In the presence of FSI the different paths followed by the proton
for opposite polarizations are reflected again in different effects due to FSI. These are
larger in general for the polarizations of Fig. 3 than for those of Fig. 4. A wide range of
effects can be found, from situations where FSI produce a very large decrease of ∆, for
(θ∗,∆φ) = (90o, 45o) (Fig. 3), even a change of sign for (θ∗,∆φ) = (135o, 45o) (Fig. 3),
passing cases with small effects for (θ∗,∆φ) = (135o, 315o) (Fig. 4), to cases with a large
increase due to FSI for (θ∗,∆φ) = (45o, 180o) (Fig. 4).
A significant difference with respect to the φ = 0o case is that the nodal symmetry with
respect to the (90o, 90o) polarization is not found here. No other symmetry is observed
and, as a consequence, there will be a non-zero result predicted for this observable if the
nucleus is unpolarized, as expected, and this in the end will give rise to the fifth response
11
function which can be measured by performing out-of-plane measurements with polarized
electrons, but unpolarized nuclei.
Deeper insight into the reasons why the nodal symmetry is broken for out-of-plane
emission can be obtained if we study the behavior of the three response functions W T
′
,
W TL
′
and W˜ TL
′
which contribute to ∆ (see Eqs. (4,6,7)). These are shown in Figs. 5–10,
again for the full set of values of polarization angles (θ∗,∆φ). Note that these responses
do not depend on φ. The T ′ response gives the same contribution to ∆ for any value of
φ; on the other hand, in the case of the TL′ response for φ = 0o (90o) only the W˜ TL
′
(W TL
′
) response contributes. Since for φ = 0o we found nodal symmetry in the HD
cross section, this symmetry should also be present in the two response functions which
contribute to this observable, and in fact, we see in Figs. 5–6 and 7–8 that both W T
′
and W˜ TL
′
responses show this symmetry, changing sign for opposite polarizations with
respect the nodal polarization angles (θ∗,∆φ) = (90o, 90o). As a consequence, any linear
combination of these two responses, such as the observable ∆ for φ = 0o, will present the
same nodal symmetry. Both responses are zero (within the numerical precision — see
above) for the nodal polarizations, although the shape and sign of these two responses
are in general different for other polarizations, and the effects of the FSI, especially those
related to the real and spin-orbit parts of the optical potential, are also different.
Let us now examine the behavior of the W TL
′
response shown in Figs. 9–10. As before
we note that in PWIA this response changes sign for opposite polarizations, but that
again this is no longer true when FSI are switched on, due to the different path traveled
by nucleons in their way across the nucleus, this being larger for the polarizations of Fig. 9
than for those of Fig. 10. The most important difference for this response function as
compared with the others is its behavior under polarization inversion with respect to the
nodal polarization (θ∗,∆φ) = (90o, 90o). This response still displays a symmetry even
in presence of FSI, yet in this case there is no change of sign, i.e., this response is even
under the nodal inversion of polarization, while the W T
′
and W˜ TL
′
responses are odd
under it. This behavior explains why the fifth response function for unpolarized nuclei,
obtained as an average of the results in Figs. 9–10, is not zero. However, the fact that the
nodal symmetry persists in the three response functions, either of odd or even type, is an
indication of the fundamental nature of this symmetry. In the case of the observable ∆
for φ 6= 0o, where responses with both kinds of symmetries appear, the nodal symmetry
is broken, since the linear combination of odd and even functions does not display any
symmetry.
In the last instance, the present results provide an alternative way to separate the
W T
′
from the W TL
′
response in the HD cross section by performing a measurement with
φ = 90o for two different polarizations, Ω1 and Ω2, that are opposite with respect to the
nodal polarization, and exploiting the odd and even symmetries of these responses. In
fact, we just add and subtract the two values of ∆ so obtained. From Eqs. (4,6,7) we have
∆(Ω1) + ∆(Ω2) = 2σMottvTL′W
TL′(Ω1) (13)
∆(Ω1)−∆(Ω2) = 2σMottvT ′W T ′(Ω1). (14)
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Figure 5: Response function W T
′
computed for a range of nuclear polarization angles
(θ∗,∆φ). The meaning of the panels and curves is the same as in Fig. 1.
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Figure 6: Response function W T
′
computed for a range of nuclear polarization angles
(θ∗,∆φ). The meaning of the panels and curves is the same as in Fig. 2.
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Figure 7: Response function W˜ TL
′
computed for a range of nuclear polarization angles
(θ∗,∆φ). The meaning of the panels and curves is the same as in Fig. 1.
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Figure 8: Response function W˜ TL
′
computed for a range of nuclear polarization angles
(θ∗,∆φ). The meaning of the panels and curves is the same as in Fig. 2.
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Figure 9: Response function W TL
′
computed for a range of nuclear polarization angles
(θ∗,∆φ). The meaning of the panels and curves is the same as in Fig. 1.
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Figure 10: Response function W˜ TL
′
computed for a range of nuclear polarization angles
(θ∗,∆φ). The meaning of the panels and curves is the same as in Fig. 2.
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3 The semi-classical model and applications to the
HD cross section
In this section we analyze the results of the previous section in terms of geometrical prop-
erties of the nucleon orbit for various nuclear polarizations and kinematics. In particular
we shall see that the behavior observed for the response functions and HD cross section
can be characterized by two parameters, namely, the expectation value of the nucleon
position within the orbit, and the expectation value of its spin. One of our goals is to
express in geometrical terms why the nodal symmetry (in both versions, even and odd)
is happening.
The semi-classical model was introduced in [2] to explain the results of the (e, e′p)
cross section Σ for polarized nuclei. It was based on the PWIA, the 3-dimensional scalar
momentum distribution and the expected position of the nucleon in its orbit. For the
present applications of this picture to the observable ∆ a new element has to be added
to that model, namely the expected value of the nucleon’s spin.
3.1 PWIA responses
A characteristic of PWIA is that the exclusive responses (and hence the cross section)
factorize as the product of a single-nucleon scalar or vector response times a scalar or
vector momentum distribution
RK = Mp′wKS MS, K = L, T, TL, TT (15)
RK ′ = Mp′wK ′V ·MV , K ′ = T ′, TL′ (16)
where MS(p) and MV (p) are respectively the scalar and vector momentum distributions.
They are related to the partial momentum distribution spin matrix, n(p), for residual
nucleus |B〉 through
n(p)µν ≡
∑
MB
〈B|apν |A〉∗〈B|apµ|A〉 = 1
2
(MS(p)δµν +MV (p) · σµν). (17)
The scalar wKS and vector w
K
V single-nucleon responses are obtained from the correspond-
ing single-nucleon current matrix [4]. For the situation of interest here with polarized
electrons, only the vector responses contribute to the HD cross section. In the case of
the single-nucleon current defined in Eqs. (8–10) the corresponding expressions are the
following:
wT
′
V = 2JcJmδ(cosφ e1 + sin φ e2)− 2J2me3 (18)
wTL
′
V = 2
√
2ρcJme1 + 2
√
2Jcρsoδ
2 sinφ(cosφ e2 − sinφ e1)
−2
√
2ρsoJmδ cosφ e3, (19)
where the unit vectors ei correspond to the coordinate system O introduced above, with
e3 in the q-direction and e1 in the scattering plane (in the direction of keT ), while e2 is
perpendicular to the scattering plane.
3.2 Vector momentum distribution and spin field
For this work we assume that the proton is knocked-out from the 1d3/2 shell of
39K and
the final nucleus 38Ar is left in its ground state with total spin JB = 0. In the shell-model
description of this process it was shown in [1] that the partial momentum distribution
is proportional to the single-particle distribution of the 1d3/2 shell (for other values of
the final nuclear spin or for knock-out from inner shells this is no longer true, although
the following results can be generalized to include these more general cases). Hence, to
simplify the following discussion, we shall assume that the initial proton is described by a
single-particle wave function with quantum numbers (lj), and that it is polarized in the
direction Ω∗, i.e., it carries all of the nuclear polarization.
This wave function can be obtained from the corresponding wave function polarized in
the z-direction (i.e., with magnetic number m = j) by applying the appropriate rotation
operator R. In fact, we begin with a spatial rotation R that maps the z-axis onto the
polarization direction Ω∗. The rotated basis, denoted O∗ = (e∗1, e
∗
2, e
∗
3), is defined by
e∗i = R(ei) (20)
with the condition
e∗3 = Ω
∗. (21)
This last condition does not determine the rotation R uniquely, since any further rotation
around e∗3 does not modify the polarization direction. Of course, the final results cannot
depend on the particular choice of the vectors e∗1, e
∗
2, and so it is unnecessary to specify
them.
Now we consider a single-particle wave function in momentum space (for the moment
we do not consider the spin) that before the rotation is ψ(p) = ψ(p1, p2, p3), where pi
are the coordinates of p in the standard basis O. After the rotation the wave function
becomes
(RΨ)(p) = ψ(R−1(p)). (22)
Here we follow the convention of using the calligraphic symbol R for the rotation in the
3-dimensional space, and the symbol R for the representation of the rotation acting in
the Hilbert space of wave functions. Now we note that the i-th component of R−1(p) in
the basis O is
[R−1(p)]i = R−1(p) · ei = p · R(ei) = p · e∗i ≡ p∗i , (23)
where p∗i is the i-th component of p in the rotated basis O
∗. Then we have the result
(Rψ)(p) = ψ(p∗1, p
∗
2, p
∗
3) ≡ ψ(p∗), (24)
which simply means that when computing the value of the rotated wave function for
momentum p = (p1, p2, p3) we first compute the components p
∗
i of p in the rotated basis,
and evaluate the former wave function for momentum p∗ = (p∗1, p
∗
2, p
∗
3).
Next we consider the case of a wave function for a particle with spin 1
2
ψ0(p) = f1(p)| ↑〉+ f2(p)| ↓〉. (25)
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Under a rotation the functions fi(p) and the spin vectors | ↑〉, | ↓〉 also rotate, and
therefore the rotated state ψ ≡ Rψ0 can be written as
ψ(p) = f1(p
∗)| ↑ ∗〉+ f2(p∗)| ↓ ∗〉, (26)
where we have defined the rotated spin basis
| ↑ ∗〉 = R| ↑〉, | ↓ ∗〉 = R| ↓〉. (27)
Then the polarized momentum distribution spin matrix is given by
n(p) = ψ(p)ψ(p)†
= |f1(p)|2| ↑ ∗〉〈↑ ∗|+ |f2(p)|2| ↓ ∗〉〈↓ ∗|
+ f1(p
∗)f ∗2 (p
∗)| ↑ ∗〉〈↓ ∗|+ f ∗1 (p∗)f2(p∗)| ↓ ∗〉〈↑ ∗|. (28)
Hence the problem is reduced to the computation of the four spin matrices that appear
in the above equation. For the first one we have
| ↑ ∗〉〈↑ ∗| = R| ↑〉〈↑ |R†. (29)
Now we note that
| ↑〉〈↑ | = 1 + σ3
2
=
1 + σ · e3
2
(30)
and perform the rotation taking into account the fact that σ is a vector operator satisfying
RσR† = R−1(σ), (31)
i.e., σ transforms as a 3-dimensional vector with the inverse rotation, from which we have
Rσ · e3R† = R−1(σ) · e = σ · R(e3) = σ · e∗3. (32)
Therefore, we have the result
| ↑ ∗〉〈↑ ∗| = 1 + σ · e
∗
3
2
. (33)
The same procedure can be applied to the three remaining spin operators, obtaining
| ↓ ∗〉〈↓ ∗| = 1− σ · e
∗
3
2
(34)
| ↑ ∗〉〈↓ ∗| = e
∗
1 + ie
∗
2
2
· σ (35)
| ↓ ∗〉〈↑ ∗| = e
∗
1 − ie∗2
2
· σ (36)
and the momentum distribution can be written
n(p) = |f1(p∗)|21 + σ · e
∗
3
2
+ |f2(p∗)|21− σ · e
∗
3
2
+ f1(p
∗)f ∗2 (p
∗)
e∗1 + ie
∗
2
2
· σ + f ∗1 (p∗)f2(p∗)
e∗1 − ie∗2
2
· σ
=
1
2
[MS(p) +MV (p) · σ], (37)
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where finally the scalar and vector momentum distributions are given by
MS(p) = |f1(p∗)|2 + |f2(p∗)|2 (38)
MV (p) =
{
|f1(p∗)|2 − |f2(p∗)|2
}
e∗3 + 2Re[f
∗
1 (p
∗)f2(p
∗)]e∗1
+ 2Im[f ∗1 (p
∗)f2(p
∗)]e∗2. (39)
Now we are able to relate the vector momentum distribution to the spin distribution
or spin density. The expectation value of the spin for the wave function ψ is
〈ψ|S|ψ〉 = ∑
rs
∫
d3p ψ∗r(p)
σrs
2
ψs(p)
=
1
2
∫
d3pTr [σn(p)]
=
1
2
∫
d3pTr
[
σ
MS +MV · σ
2
]
=
1
2
∫
d3pMV (p). (40)
Hence the vector field 1
2
MV (p) represents the spin density in momentum space. Obvi-
ously, the scalar momentum distribution MS(p) = ψ
†(p)ψ(p) is the particle density in
momentum space. The spin density is related to the particle density in the following way:
we define a vector field by the ratio between the vector and scalar momentum distributions
s(p) ≡ MV (p)
MS(p)
. (41)
This vector always has unit length, |s(p)| = 1. In fact, we have
|MV |2 = (|f1|2 − |f2|2)2 + (2Re f ∗1 f1)2 + (2Im f ∗1 f2)2
= |f1|4 + |f2|4 − 2|f1|2|f2|2 + 4|f ∗1 f2|2
= (|f1|2 + |f2|2)2
= (MS)
2. (42)
Then we have proven the result
MV (p) =MS(p)s(p); (43)
that is, the vector momentum distribution is equal to the scalar momentum distribution
times a unitary vector field s(p) which carries the local direction of the spin.
3.3 Nucleon orbit and spin for the d3/2 shell
Now we consider the specific case of a particle with angular momenta (lj) which is polar-
ized in the direction Ω∗. We write the wave function before the rotation as
ψ0(p) =
1
il
∑
µM
〈1
2
µlM |jj〉YlM(pˆ)R˜(p)|12µ〉. (44)
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Under a rotation the radial function R˜(p) is invariant, while the spherical harmonic be-
comes YlM(pˆ
∗) = YlM(θ
∗
p, φ
∗
p). Here we denote by pˆ
∗ = (θ∗p, φ
∗
p) the polar and azimuthal
angles of the vector p∗ = (p∗1, p
∗
2, p
∗
3) or, equivalently, the polar and azimuthal angles of p
referred to the new basis O∗, i.e., the angles (θ∗p, φ
∗
p) are defined by
p = p sin θ∗p cosφ
∗
p e
∗
1 + p sin θ
∗
p sin φ
∗
p e
∗
2 + p cos θ
∗
p e
∗
3. (45)
In particular, θ∗p is the angle between p and Ω
∗. The rotated wave function ψ = Rψ0 can
then be written as
ψ(p) = f1(p
∗)| ↑ ∗〉+ f2(p∗)| ↓ ∗〉, (46)
where
f1(p
∗) =
1
il
〈1
2
1
2
l, j − 1
2
|jj〉Yl,j− 1
2
(θ∗p, φ
∗
p)R˜(p) (47)
f2(p
∗) =
1
il
〈1
2
,−1
2
l, j + 1
2
|jj〉Yl,j+ 1
2
(θ∗p, φ
∗
p)R˜(p). (48)
An illustrative example of the above formalism is the “stretched” case j = l + 1
2
, for
instance the s1/2, p3/2 or d5/2 shells. This situation is particularly simple because f2 = 0
and therefore, from Eq. (39), the vector momentum distribution has no components in
the plane (e∗1, e
∗
2). The scalar momentum distribution is
MS(p) = |f1(p∗)|2 = |Yll(θ∗p, φ∗p)|2|R˜(p)|2 (49)
and for the spin direction we have simply
s(p) = e∗3 = Ω
∗. (50)
In this case the spin is always aligned along the polarization direction because spin and
orbital angular momentum must sum to the maximum value j = l + 1
2
.
Now we study the case of the d3/2 shell which is of interest for the present work of
knockout from 39K. This is a “jack-knifed” situation in which the spin and orbital angular
momentum are not aligned. We have for the two functions fi(p
∗)
f1(p
∗) =
√
3
8π
sin θ∗p cos θ
∗
pe
iφ∗pR˜(p) (51)
f2(p
∗) =
√
3
8π
sin2 θpe
2iφ∗pR˜(p). (52)
¿From here we find for the scalar momentum distribution
MS =
3
8π
sin2 θ∗p|R˜(p)|2 (53)
and for the spin direction field
s(p) = sin 2θ∗p cos φ
∗
p e
∗
1 + sin 2θ
∗
p sinφ
∗
p e
∗
2 + cos 2θ
∗
p e
∗
3. (54)
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This latter equation has the following geometrical meaning: we note that the spin vector
s(p) is contained in the plane defined by the momentum p and the polarization direction
Ω∗, and that the angle between s(p) and Ω∗ is twice the angle between p and Ω∗. This
means that p points into the bisectrix between Ω∗ and s(p) and, since both Ω∗ and s(p)
are unit vectors, we must have Ω∗ + s(p) = ap, where a is some function of p. To find
the latter we compute the square
1 = s2 = (ap−Ω∗)2 = a2p2 + 1− 2ap cos θ∗p, (55)
from which we obtain a = (2/p) cos θ∗p and therefore
s(p) = 2
Ω∗ · p
p2
p−Ω∗. (56)
This depends only on p and Ω∗ and is independent of the particular directions chosen for
e∗1 and e
∗
2, as expected.
In the semi-classical model, the quantity of interest is the expectation value of the
position for a nucleon with given missing momentum, defined by [2]
r(p) =
ψ†(p)(i∇p)ψ(p)
ψ(p)†ψ(p)
, (57)
where we have used the momentum-space representation of the position operator rˆ = i∇p.
In the case of a particle in the d3/2 shell polarized in theΩ
∗-direction, the expected position
was computed in [2] and can be written as
r(p) = −1 + sin
2 θ∗p
p2 sin2 θ∗p
Ω∗ × p. (58)
Similar expressions can be written in coordinate space. The spatial density is given
by
ρ(r) =
3
8π
sin2 θ∗r |R(r)|2, (59)
where θ∗r is now the angle between Ω and r, while the expectation value of momentum for
given position can be obtained from the momentum operator in position space p = −i∇r
as
p(r) =
1 + sin2 θ∗r
r2 sin2 θ∗r
Ω× r. (60)
3.4 Applications to the HD cross section
Now we have at hand all of the ingredients that enter in the semi-classical description of
the HD cross section. We first discuss the in-plane emission case, φ = 0o where nodal
symmetry in the HD cross section was found in the last section.
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In Fig. 11 we show a schematic picture of what is happening for the case of (θ∗,∆φ) =
(90o, 90o), corresponding to nuclear polarization pointing to the −y direction. The torus-
like region represents the nucleon orbit corresponding to the d3/2 shell, determined by the
nucleon density in coordinate space, Eq. (59). This “orbit” represents the spatial region
where it is most probable to find the nucleon. The radius of the orbit is determined by the
maximum of the radial wave function for the d3/2 shell. Within the semi-classical model,
the nucleon moves circularly around the rotation axis represented by the polarization
vector Ω∗, as follows from Eq. (60). In the case of Fig. 11 the sense of circular movement
is clockwise in the zx plane. Hence the orientation and sense of the nucleon orbit is fixed
by the nuclear polarization. From the setup of the reaction kinematics we also know the
missing momentum p = p′ − q of the proton, which in the figure is almost perpendicular
to q, corresponding to quasielastic kinematics as in the results of the previous section.
This in fact determines the most probable position of the proton before the interaction,
as follows from Eq. (58) (in Fig. 11 the proton is shown schematically as a white ball). It
is located in the lower part of the orbit with respect to the exit direction, as determined
by the final momentum p′, and so the FSI in this case are expected to be large, since it
has to cross the entire nucleus before exiting, as was shown for the helicity-independent
cross section in [2].
p
p’
q
s
p
e’
e
x
Ω*
Figure 11: Nucleon orbit for in-plane emission and nodal polarization (θ∗,∆φ) =
(90o, 90o). The expected value of the proton’s location for the given missing momen-
tum is represented by the white ball. In this case the nucleon spin is opposite to the
polarization vector Ω∗. The z-axis lies in the direction of q.
Now in the case of the HD cross section a new element comes into play, namely the
spin vector, Eq. (56), which for the kinematics of Fig. 11 is given by s = −Ω, since p is
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perpendicular to Ω.
In PWIA the HD response functions in Eq. (16) are proportional to the scalar product
between s(p) and a single-nucleon vector, Eqs. (18,19). For in-plane emission, φ = 0o,
the pieces containing sinφ do not contribute and hence the single-nucleon vectors are
wT
′
V = 2JcJmδ e1 − 2J2me3 (61)
wTL
′
V = 2
√
2ρcJme1 − 2
√
2ρsoJmδ e3. (62)
An important result that follows from these equations is that both single-nucleon vectors lie
in the scattering plane. Hence, the HD cross section is determined only by the projection
of the nucleon spin in the scattering plane. Since in Fig. 11 the spin is perpendicular to
this plane, we have ∆ = 0 for the nodal polarization (90o, 90o) and the same happens for
the opposite polarization (270o, 270o), where the spin is inverted.
The origin of the nodal symmetry must come from pairs of polarizations with different
spins but opposite projections on the scattering plane. An example is show in Fig. 12,
corresponding to ±45o rotations of the nucleon orbit around the x-axis. Fig. 12(a) corre-
sponds to the polarization (θ∗,∆φ) = (135o, 90o), while (b) stands for (45o, 90o). These
polarizations correspond to a pair of panels in Fig. 1. In Fig. 12 we see that the spin
vectors for (a) and (b) point in different directions, although their projections on the
scattering plane are equal and opposite. We also see that the proton is located at the
same point in the respective orbits, hence with equal values of the scalar momentum dis-
tribution. Therefore the corresponding HD cross sections are expected to be equal and
opposite in PWIA, as was found for the results shown in Fig. 1. Now the question of why
the symmetry persists even in presence of FSI can also be answered using the present
example. In fact, from Fig. 12 we see that the proton in (a) and (b) is located in sym-
metrical positions with respect to the x-z plane, above and below the plane, respectively.
In the two cases the proton exits the nucleus with the same momentum p′ from positions
that are symmetrical with respect to it, traversing equivalent paths across the nucleus
and hence experiencing the same interaction (absorption) due to the imaginary part of
the central optical potential. Since in both cases the initial impact parameter is also the
same, the interaction due to the real part of the central optical potential is also the same.
It remains to be shown that the effect of the spin-orbit part of the potential is also
the same in the two cases. This is not obvious a priori because the proton spins in (a)
and (b) are different. However, the scalar product l · s is what enters in the spin-orbit
interaction, and remarkably this scalar product is also the same in both cases. In fact, in
the semi-classical model the proton exits the nucleus with angular momentum l = r× p′
and initially with spin s. Hence the spin-orbit interaction is
Vls(r)(r× p′) · s = −Vls(r)(r× s) · p′. (63)
In Fig. 12 we see that the value of the vector r× s is the same both in cases (a) and (b),
since so is the angle between the vectors r and s, and the sense of the vector product is
in the x-direction.
Therefore we have proven within the semi-classical model that the FSI effects are the
same for the two orbit orientations displayed in Fig. 12. These effects are manifested in
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Figure 12: Nucleon orbit for two nuclear polarizations that are symmetrical with respect
to the nodal polarization, obtained by ±45o rotation of the orbit of Fig. 11 with respect to
the x-axis. Also shown are the nucleon location and spin for the given missing momentum.
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a modification of the PWIA cross section (both the helicity-dependent and -independent
pieces), producing a change of the strength and redistribution of the shape. Since the HD
cross section in PWIA is opposite for the two polarizations of Fig. 12 and the secondary
effect of FSI is the same in the two cases, the HD cross section that results from including
the FSI in DWIA is still equal and opposite in both cases.
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Figure 13: Spin direction of the proton computed using Eq. (56) for each of the polariza-
tions of Figs. 1 and 2, for φ = 0o, and for missing momentum p = 180 MeV/c. With an
arrow we show the projection of the spin on the x-z plane. The inserted numbers indicate
the value of the y component in each case.
The existence of the nodal symmetry and its persistence in the presence of FSI can be
explained in a similar geometrical way for all of the polarizations shown in Figs. 1 and 2.
This can be done by noting that for each pair of nodal polarizations the respective orbits
can be obtained by performing a rotation of the nodal orbit of Fig. 11 by angles ±θ˜ with
respect to an axis contained in the x-z plane. For instance, in the case of Fig. 12, the
±45o rotations were performed with respect to the x-axis. For a fixed value of the missing
momentum, the value of sin θ∗p (remember that θ
∗
p is the angle between p and Ω
∗) is the
same for the two orbits rotated by angles ±θ˜, as is shown in the Appendix. Therefore,
the value of the scalar momentum distribution given by Eq. (53) is the same for both
orbits, since its angular dependence is sin2 θ∗p. As a consequence, the helicity-independent
response functions and cross section are also equal for this pair of polarizations. In the case
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of the HD responses there is an additional dependence on the nucleon spin via the scalar
product wKV · s(p). In Fig. 13 we show the spin vector for each one of the polarizations
of Figs. 1 and 2, computed using Eq. (56), for a value of the missing momentum fixed to
p = 180 MeV/c. In the figure we can see that the projection of the spin on the scattering
plane is opposite for each pair of polarizations lying symmetrical with respect to the nodal
one, for which s is perpendicular to the plane. Since the single-nucleon vectors wKV are
contained in this plane, we find opposite values of wKV · s for each pair of symmetrical
polarizations. This proves that the HD responses are odd with respect to the nodal
symmetry in PWIA. An analytical proof of this result is provided in the Appendix.
In arguing that the nodal symmetry persists in presence of the FSI in Fig. 14 we show
a plot of the nucleon position within the nucleus and spin vectors for the polarizations of
Figs. 1 and 2. The nucleon position has been computed using Eq. (58) for p = 180 MeV/c.
To help in the visualization, in each plot of Fig. 14 we display the exit plane spanned by
the vectors r and p′, in a coordinate system with the y-axis pointing in the p′ direction.
In the figure we can see that the initial position of the nucleon is the same for each pair of
polarizations lying symmetrical with respect to the nodal point, which implies the same
FSI due to the central part of the optical potential for these polarizations. This result is
proven analytically in the Appendix.
Moreover, the effect of the spin-orbit FSI can also be inferred from the figure, where we
show the projection of the spin on the exit plane. Since the final angular momentum r×p′
is perpendicular to the exit plane, the spin-orbit coupling l · s is determined only by the
perpendicular component of the spin (indicated with the inserted numbers in Fig. 14), and
where again we can see that these values are the same for pairs of polarizations that are
symmetrical with respect to the nodal point. This implies the same spin-orbit interaction
for these polarizations, and is also proven analytically in the Appendix.
These arguments show that the origin of the nodal symmetry in the HD response
functions and ∆ in the presence of FSI can be explained in the semi-classical model for
φ = 0o. Next we discuss the case φ = 90o. We have seen in the previous section that in
this case the nodal symmetry is broken for the HD cross section ∆ because the T ′ and
TL′ responses present odd and even nodal symmetry respectively. The reason for this
different behavior of the T ′ and TL′ response functions comes from the single-nucleon
vectors, Eqs. (18,19), which for φ = 90o can be written as
wT
′
V = 2JcJmδ e2 − 2J2me3 (64)
wTL
′
V = 2
√
2(ρcJm − Jcρsoδ2)e1. (65)
Note the essential difference between the former case, φ = 0o, where both single-nucleon
vectors were contained in the scattering plane, and the present case, where the T ′ and
TL′ vectors are perpendicular, with the latter pointing to the x-direction.
The differences from the case φ = 0o can be better appreciated by looking at Fig. 15
where it is clear that now the scattering plane (xz) is perpendicular to the reaction plane
(yz). The nucleon orbit shown in Fig. 15 corresponds to the new nodal polarization
(θ∗,∆φ) = (90o, 90o). Note that in this case ∆φ = 90o − φ∗, so the nodal polarization
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Figure 14: Expected value of position computed using Eq. (58) for each of the polariza-
tions of Figs. 1 and 2, for φ = 0o and for missing momentum p = 180 MeV/c. The gray
semi-circles represent half a slice of the nuclear interior. The coordinate system in the
figure is chosen in each case to be the exit plane spanned by the vectors r and p′, which is
pointing in the y-direction in all cases. The arrows represent the spin projection on this
plane, while with the inserted numbers we indicate the perpendicular component of the
spin.
30
Scattering plane
p
p’
q
s
p
e
e’
y
x
Ω*
Figure 15: Nucleon orbit for out-of-plane emission, φ = 90o, and for the nodal polariza-
tion (θ∗,∆φ) = (90o, 90o). Note that the only geometrical difference from Fig. 11 is that
in this case the scattering plane is perpendicular to the reaction plane.
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corresponds to φ∗ = 0o, i.e., Ω∗ = e1, and the nucleon orbit lies in the reaction plane.
Comparing Fig. 15 with Fig. 11 we note that the only difference between them lies in the
scattering plane spanned by the electrons, which in one case coincides with the reaction
plane and is perpendicular in the other. However, the mechanisms underlying the reaction
that have to do with the proton orbit and FSI, viz., those that occur in the reaction plane,
are identical in both cases.
In fact, we can easily transform the φ = 90o case into the φ = 0o one by just making
a change of coordinates
x′ = y, y′ = −x, z′ = z (66)
under which the reaction plane is now the x′z′ plane. Therefore all of the details studied
in the case φ = 0o concerning the nucleon orbit, position, spin and FSI effects are also
valid in the present case. In particular, Fig. 13 represents the components of the spin
in the new reaction plane, corresponding to the polarizations of Figs. 3 and 4, while the
proton positions and components of the spin in the exit plane shown in Fig. 14 are also
valid in this case.
The only difference with the former case is hence in the single-nucleon vectors of
Eqs. (64,65), which in the present case written in the new coordinates are given by
wT
′
V = 2JcJmδ e
′
1 − 2J2me′3 (67)
wTL
′
V = −2
√
2(ρcJm − Jcρsoδ2)e′2. (68)
Hence the T ′ vector is in the x′z′ plane, while in the former case it was contained in the
xz plane. Therefore the behavior of the T ′ response function is exactly the same as in
the φ = 0o case. In particular, it is odd under the nodal symmetry. This was expected,
because it is known that this response is only a function of ∆φ, and this is a consequence
of the fact that the single-nucleon vector wT
′
V is always contained in the reaction plane.
The difference hence lies in the TL′ response, since now the single-nucleon vector
wTL
′
V is perpendicular to the reaction plane, while in the former case it was contained in
that plane. For this reason, the behavior of the TL′ response in PWIA now depends on
the spin component perpendicular to the reaction plane, which is shown by the inserted
numbers in Fig. 13. Therein we can see that this spin component is the same for pairs
of polarizations that are symmetrical with respect to the nodal point. Therefore in this
case there is no change of sign of the TL′ response under the nodal symmetry, from which
it follows that this response is even under that symmetry, as was seen in the results of
Figs. 9 and 10.
These arguments help to clarify the fact that there are actually two reasons why the
fifth response function arising for φ = 90o is different from zero for unpolarized nuclei
when integrating over all orientations of the nucleon orbit: the first, well-known reason
is that the nucleon’s path through the nucleus is different from one polarization to the
opposite and hence undergoes different FSI. The second reason is that this response
involves the component of the nucleon spin perpendicular to the reaction plane — i.e.,
in the x direction — and this component is the same for pairs of polarizations that are
symmetrical with respect to the nodal one — corresponding to the nucleon orbit being
contained in the reaction plane.
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4 Conclusions
In this work we have studied the helicity-dependent part of the cross section for (e, e′p)
reactions with polarized beam and target. Using the shell model to describe the nuclear
structure involved, we have presented results of a DWIA calculation for proton knock-out
from the d3/2 shell of polarized
39K under quasielastic kinematics for the full range of nu-
clear polarization directions. Such an analysis, performed as a function of the polarization
angles, has allowed us to discover a new symmetry in the HD cross section that arises for
in-plane emission. This entails a change of sign for pairs of polarization vectors that are
opposite with respect to the nodal polarization (i.e., perpendicular to the reaction plane).
It is as a consequence of this nodal symmetry that the fifth response function is zero for
unpolarized nuclei in these conditions even in presence of FSI.
Our results also show that the nodal symmetry is broken for out-of-plane emission.
However, we have found that the symmetry is still present in the three separate response
functions W T
′
, W˜ TL
′
and W TL
′
, but is not of a single type: while the first two responses
are odd under the nodal symmetry, the latter is even, and a linear combination of the
three responses therefore breaks the symmetry in the cross section.
The next goal of the paper has been to explain the origin of the nodal symmetry
within a semi-classical model of the reaction based on the PWIA and on the concept of
a nucleon’s orbit with attendant expectation values of position and spin, and in which
the exiting nucleon’s path through the nucleus determines the strength of the FSI. We
have shown that for pairs of nodal-symmetrical polarizations the nucleon positions and
initial impact parameters are equivalent and with equal values of the spin-orbit coupling
l · s, explaining why the FSI effects are the same for these polarizations. The FSI modify
the PWIA response functions, which are determined by the scalar product wKV · s, where
s is the nucleon spin and wKV is the single-nucleon vector. We have shown that the
component of the spin in the reaction plane changes sign under the nodal symmetry,
while the component perpendicular to this plane is invariant under it. As a consequence,
since the T ′ single-nucleon vector is always contained in the reaction plane, the T ′ response
is always odd under the nodal symmetry. On the other hand, for in-plane emission, the
TL′ single-nucleon vector is also contained in the reaction plane, so the TL′ response is
also odd in these conditions. However, in the case φ = 90o the TL′ single-nucleon vector is
perpendicular to the reaction plane, and so the corresponding TL′ response is even under
the nodal symmetry.
As a consequence of the above, the fifth response function for scattering of polarized
electrons from unpolarized nuclei (obtained as an average over orbit orientations) is not
zero, and furthermore, in addition to requiring FSI to occur, it probes the spin component
of the nucleon perpendicular to the reaction plane.
We would like to emphasize that, although the existence of the nodal symmetry has
been found here numerically within the context of a particular DWIA model and proven
analytically only in the semi-classical model, there is clear evidence that this is a general,
model-independent property of the cross section. This is supported by the fact that
the fifth response function is known theoretically to be zero for in-plane emission, so
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the cancellation between pairs of polarizations must be exact. To provide an analytical,
model-independent proof of this theorem from general principles appears not to be a
trivial task. However, the results of the present study are clear motivation to find a
general symmetry-based proof starting from the formalism of [1, 3].
The success of the present model in explaining the properties of the HD cross section
where the proton spin plays a relevant role opens the possibility of using this type of
reaction to study not only the 3-dimensional momentum distribution — accessible using
polarized nuclei and unpolarized electrons — but also the nucleon spin distribution in
nuclei — using in addition polarized electrons. The knowledge gained in the understanding
of (e, e′p) spin observables through this kind of study, where many of the properties of
the cross section, including FSI can be characterized in a clear geometrical picture of the
reaction, can be of great help in the design of future experiments with polarized nuclei
and electrons. As seen through the examples presented in this paper, this could play an
important role in advancing our knowledge of nuclear dynamics.
Appendix: Proof of the nodal symmetry in the semi-
classical model
We consider the in-plane emission case, φ = 0o, with a fixed value of the missing mo-
mentum p. Remember that in this case the single-nucleon vectors wT
′
V and w
TL′
V are also
contained in the scattering plane, as they are given by Eqs. (61,62). We take as reference
the nodal polarization corresponding to θ∗ = 90o, φ∗ = −90o, i.e., Ω∗ = −e2. In this
case the nucleon orbit lies in the scattering plane as displayed in Fig. 11. If we rotate the
nodal orbit by an angle θ˜ around an axis contained in the scattering plane then
i) the helicity-independent cross section Σ is the same for rotation angles ±θ˜, and
ii) the HD cross section ∆ has opposite signs for ±θ˜.
To prove this, let us consider two polarization vectors, Ω1 andΩ2, that are symmetrical
with respect to the nodal polarization
Ω1 = sin θ˜Ωs − cos θ˜ e2 (69)
Ω2 = − sin θ˜Ωs − cos θ˜ e2, (70)
where Ωs is a unitary vector contained in the scattering plane, i.e.,
Ωs = cos φ˜ e1 + sin φ˜ e3. (71)
Then the following results emerge:
1. The projections of Ω1 and Ω2 over the missing momentum p have opposite sign,
since p lies in the scattering plane, i.e.,
Ω1 · p = −Ω2 · p = sin θ˜Ωs · p. (72)
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Hence the angles θ∗p1 and θ
∗
p2 between p and the polarization vectors Ω1 and Ω2
satisfy
cos θ∗p1 = − cos θ∗p2 (73)
sin θ∗p1 = sin θ
∗
p2. (74)
As a consequence, since the scalar momentum distribution for the d3/2 shell isMs =
3
8pi
sin2 θ∗p|R˜(p)|2, and the value of sin θ∗pi is the same for these two polarizations,
the helicity-independent response functions in Eq. (15) are the same for these two
polarizations in PWIA, and hence so are the cross sections Σ in PWIA.
2. Let s1 and s2 be the spin vectors for these two orbits, given by Eq. (56). Then this
pair of spins has opposite components on the scattering plane and equal components
on the y-axis. In fact we have, from Eq. (56),
s1 =
2Ω1 · p
p2
p−Ω1 = 2 sin θ˜Ωs · p
p2
p− sin θ˜Ωs + cos θ˜ e2 (75)
s2 =
2Ω2 · p
p2
p−Ω2 = −2 sin θ˜Ωs · p
p2
p+ sin θ˜Ωs + cos θ˜ e2; (76)
hence the spin components on the scattering plane, (si)s, are opposite and satisfy
(s1)s = −(s2)s = sin θ˜
(
2Ωs · p
p2
p−Ωs
)
, (77)
while the y-components are equal and given by
(s1)y = (s2)y = cos θ˜ e2. (78)
Since the single-nucleon vectors in Eqs. (61,62) are in the scattering plane, their
scalar products with the spin vectors si are opposite, as are also the HD response
functions T ′ and TL′ in PWIA; i.e., they are odd with respect to the nodal sym-
metry. The same result holds for the HD cross section ∆.
3. Let r1 and r2 the expected values of position of the nucleon for the two polarizations
Ω1, Ω2. Then r1 and r2 have opposite projections on the scattering plane and equal
projections on the y-axis. In fact, from Eq. (58) we have
ri = −
1 + sin2 θ∗pi
p2 sin2 θ∗pi
Ωi × p. (79)
By result 1, sin θ∗p1 = sin θ
∗
p2 and therefore the factor in front of Ωi × p is the same
for r1 and r2. Furthermore, we have for the vector products
Ω1 × p = sin θ˜Ωs × p− cos θ˜ e2 × p (80)
Ω2 × p = − sin θ˜Ωs × p− cos θ˜ e2 × p. (81)
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We compute separately the two vector products above. From the first one we obtain
the projection on the y-axis
Ωs × p = p(cos φ˜ e1 + sin φ˜ e3)× (sin θ e1 + cos θ e3)
= p(sin φ˜ sin θ − cos φ˜ cos θ)e2, (82)
while for the second one we obtain the projection on the scattering plane
e2 × p = pe2 × (sin θ e1 + cos θ e3) = p(cos θ e1 − sin θ e3). (83)
Therefore we obtain for the position vectors
r1 =
1 + sin2 θ∗p1
p sin2 θ∗p1
[
− sin θ˜(sin φ˜ sin θ − cos φ˜ cos θ)e2 − cos θ˜(cos θ e1 − sin θ e3)
]
(84)
r2 =
1 + sin2 θ∗p1
p sin2 θ∗p1
[
sin θ˜(sin φ˜ sin θ − cos φ˜ cos θ)e2 + cos θ˜(cos θ e1 − sin θ e3)
]
.
(85)
From these equations we obtain the desired result.
4. The projections of r1 and r2 over the exit vector p
′ are the same, and the exit
impact parameters b1 and b2 are equal. In fact, the first result follows from point 3
above, since p′ is in the scattering plane and both vectors r1 an r2 have the same
component in this plane. On the other hand, the impact parameter is defined with
respect to the exit direction p′ as the modulus of the perpendicular component of r
with respect to p′, i.e.,
b = r− r · p
′
p′2
p′. (86)
Since r1·p′ = r2·p′ and, from point 3, |r1| = |r2|, the components of r1 perpendicular
to p′ are equal, i.e., b1 = b2.
As a direct consequence of this result, if we choose the exit direction p′ as the z-axis,
then the two nucleons at positions r1 and r2 are initially at the same height and
with the same impact parameter. Therefore their interaction with the central part
of the optical potential along its exit trajectory is the same for both nucleons. This
proves the persistence of the nodal symmetry in the presence of the central part of
the optical potential.
5. The value of the spin-orbit coupling s · l for the ejected particle is the same for both
polarizations. In fact, the angular momentum of the final proton is
l = r× p′ = −1 + sin
2 θ∗p
p2 sin2 θ∗p
(Ω∗ × p)× p′. (87)
The double vector product appearing above is given by
(Ω∗ × p)× p′ = (Ω∗ · p′)p− (p · p′)Ω∗. (88)
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The factor in Eq. (87) depending on sin θ∗p is the same for both polarizations. There-
fore the spin-orbit coupling is determined by the following scalar product
s · [(Ω∗ × p)× p′] = (Ω∗ · p′)p · s− (p · p′)Ω∗ · s. (89)
Now using Eq. (56) we have for the spin scalar products:
p · s = 2Ω
∗ · p
p2
p2 −Ω∗ · p = Ω · p (90)
Ω∗ · s = 2Ω
∗ · p
p2
p ·Ω∗ − 1 =
(
2Ω∗ · p
p
)2
− 1. (91)
Therefore
s · [(Ω∗ × p)× p′] = (Ω∗ · p′)(Ω∗ · p)− (p · p′)
(2Ω∗ · p
p
)2
− 1
 . (92)
Since the projections of Ω1 and Ω2 on the scattering plane are opposite, and both
p and p′ are contained in that plane, we have
(Ω1 · p′)(Ω1 · p) = (Ω2 · p′)(Ω2 · p) (93)
(Ω1 · p)2 = (Ω2 · p)2 (94)
from which it follows that
s1 · l1 = s2 · l2. (95)
Hence the spin-orbit interaction is the same for both polarizations.
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